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ABSTRACT 



The permutability of two Backlund transformations is employed to construct a non linear 
superposition formula and to generate a class of solutions for the N = 2 super sine-Gordon 
model. We present explicitly the one and two soliton solutions. 



1 Introduction 



Backlund transformations reduce the order of the non-linear differential equations making the 
system sometimes effectively more tractable. Starting with a simple input solution, we may 
be able to solve for a more complicated one. In many cases, this may be very difficult to 
accomplish. A convenient and powerful way is to use the permutability theorem which provides 
a closed algebraic non-linear superposition formula for the solutions. 

The Backlund transformation and the Permutability theorem are employed to derive a series 
of consistency conditions which are satisfied by soliton solutions of certain class of integrable 
models. Within such class, we encounter the sine-Gordon |T] and KdV [2] equations. This 
framework was also applied to the N = 1 super KdV [3J and super sinh-Gordon J3] in order to 
derive its soliton solutions. 

The N = 2 super sine-Gordon model was proposed in [5] and later in [6] its algebraic 
structure was uncovered. Certain solutions of this model have already been constructed [7], 
however they were such that involve a single Grassmann parameter. In this paper we extend 
the non-linear superposition formulae for soliton solutions of the N = 2 super sine-Gordon 
model. These formulae are derived from the Backlund transformation proposed in [8] and the 
permutability condition which implies that the order of two successive Backlund transformations 
is irrelevant. As examples, we present explicitly the 1-and 2-soliton solutions with distinct 
Grassmann parameters. 

Recently the Pohlmeyer reduction of AdS n xS n superstring models have been considered [9] 
which in the simple case of n = 2 was shown [10] to be equivalent to the N = 2 supersymmetric 
sine- Gordon. 

This paper is organized as follows. In Section 2 we discuss the N = 2 super sine-Gordon 
and its Backlund Transformation. In Section 3 we apply the permutability condition to derive 
a closed algebraic non-linear superposition formulae involving solutions of the model. Finally 
in Section 4 and 5 we present the 1- and 2-soliton solutions respectively. In the appendix A we 
present the Backlund transformation in components. In appendices B and C we give details for 
the derivation of the superposition formulae. 



2 N = 2 super sine-Gordon - Backlund Transformation 

Let us start by introducing the N = 2 superfields [5] 
where 

z ± = z±-e + e-. z ± = z±-e + e-. 

2 ' 2 

The superfield components ± can be expanded in Grassmann variables 6' ± and 9^. For 
instance, the component <p (z , z^) gives rise to 



i 



By expanding all components of ,we obtain 

We next introduce the super derivatives 

satisfying the following conditions 

£>| = 0, D 2 ± = 0, 

{£>±,£>±} = 0, {D ± ,D T } = 0, 
{ J D +)J D_} = a 2 , {D + ,D_} = d- z . 

The equations of motion for the supersymmetric sine-Gordon model with N = 2 are given by 

AtAt^ = & sin , (1) 

where g is a mass parameter and f3 is the coupling constant. From now on we assume (3 = 1 
which may be re-inserted by a convenient field reparametrization. In components, the equations 
of motion for the N = 2 super sine-Gordon reads, 

F = g sin(^ T , 

dz^P T = g cos^ =F, ?/> ± , 

= — g cos y? =F V' ± ; 

dzdztp* = —g cos ip T F T — g sin ^ip+ij)*. 

Moreover the the chiral, <p + and the anti-chiral, <p~ superfields satisfy the conditions 

D ± 4>t = D±4>+ = 0. (2) 

Let us now recall the Backlund transformation for the N = 2 super sine-Gordon model [8J. 
For this purpose, consider the pair of first order differential equations 

D +( f>t = D + ^-^cos(^±^Y (3) 

D + 4>t = -D+tf + kQ cos (4) 

where J 7 and Q are fermionic auxiliary superfields and k is an arbitrary constant. The above 
equation and the condition 

{D + D + + D + D + )4> + = 0, 
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leads to the equations of motion 

D+D + <p^ = g sin 02 , 
provided the superfields T and Q satisfy 

D + 7-=- T sm^^— j, ^ = -- m ^^_J. (5) 

In a similar way, 

D^- = D_fe + \G cos r'^ y (6) 

^ = -D-fi - (^-=^), (7) 

where A is another arbitrary constant. Together with the condition 

(£>_£>_ + D_Z)_)<^ = 0, 

yields 

D-D_4> 2 = g sm#J", 

provided and J 7 satisfy 

Acting with D + in eqn. dSJ), D + in (TJJ, L>_ in <^ and l)_ in (j7j) we find 

£+^ = 0, L>+£ = 0, L>-£ = 0, 5_J^=0. (9) 

These last conditions allows us to rewrite the fermionic superfields into two distinct manners, 
i.e., 

T = D + $+ = J D_$ 2 - ! (10) 
g = D^ = D + $t, (ll) 

where the chiral and anti-chiral $~ ,p = 1,2 superfields are defined as 

$f = qf(z ± ,z ± ) + e ± Ct(z ± ,z ± ) + e ± ^(z ± ,z ± ) + 9 ± 9 ± q^z ± ,z ± ), 
$± = p^(z ± ,z ± ) + ± ^(^rz ± ) + e ± ^(z ± ,z ± ) + ± 9 ± pi(z ± ,z ± ). 

The second equality in (JTOj) implies 

G + = £ 2 ~, Q2=d-zPi, P2=-d z qt, d z C,t = -d-ztii (12) 
whilst the second equality in (|TT|) implies 

d" = £2", vt = ~d x qT, (h = dzPi, dzQ = (13) 

Eqns. ©-(J9]) describe the Backlund transformation for the N = 2 super sine-Gordon 
system. In appendix A we present these equations in components. 



3 The Per mutability condition 

A Backhand transformation from (jx^ to <pf is described by 

D + (<t>+ - 4>t) = -^ (0,1) -(^ L )' (14) 

D+M + ti) = ^i^cosffc^V (15) 
D-fa-K) = X 1 g^coB^±&y (16) 
D^ + ft) = -A^)cos(^^), (17) 

where we have introduced the superscript indices (0, 1) for the auxiliary fermionic superfields 
denoting its dependence in cj)^ and cj)f. The later, in turn satisfy the following condition (as in 
(El) and am 



4 \ 2 J 1 

D JM = _,l sin («±«j, (U) 

D_gm = 9 ^ sin (*L_it), (20 ) 

DJ*» = ^sin(*±il). (21) 
The chiral conditions i.e., 

Z)_J r ^ ' 1 ^ = o, d+f^ = o, D + g^ = o, d^ ' 1 ) = 0, 

are automatically satisfied using eqn. ( ITU]) , i.e., expressing the fermionic superfields as deriva- 
tives of chiral superfields, 

where the superscript indices indicate whether the superfield <&f and $f depend upon ^ 

and 4>f. Acting with super derivatives D_, D_, D + and D + on eqns. ([T4l . 031) . (IT51) and (TT~7T) 
respectively, we find 

d z (<f>+ -0+) = -2 7lS + lCo - 1 + A^(o,i) D _ (22) 

+ = 2^5+ 1 qs; 1 -« 1 ^ ' 1 )5_^; 1 , (23) 

5,(00 -0D = -2 ll s^ 1 c+ 1 -X 1 g^D + c+ v (24) 

Wo +0D = 2^^! + AjKo,D5 ^ (25) 



where 7i = and 



c% = s f t = sm(^pLj, (26) 

& = ~(^). ^ = -(^), (27) 

We now assume that the order of two successive Backlund transformations is irrelevant 
leading to the same final result. Such condition is known as the permutability theorem, i.e., 

$0 71 > < fit 72 > 4>i2 an d in the inverse order, 0o 72 ** 02 71 " 02i ? does not change the final 
result, <pf 2 = 4>2 X = 03 • 

The permutability theorem applied to the Backlund equation (1T1|) leads to 



0+( 


0o + "< 


#) 


= _^jr(o,i) C( 


£>+( 


0+-, 


ti) 


= -Ajr(i,3) c: 
k 2 


£>+( 


0o + "< 


fi) 


K 2 


£>+( 






Kl 



0,25 
2.:-i- 



Taking into account that the sum of the first two and the last two equations are the same, we 
obtain, 

-J^c^ + -T^cl, 3 = -J^c^ + -7^c- 2 ,. (29) 

Kl K 2 K 2 Kl 

Similarly, from ( !T7l) . we obtain 

^-(0o+0D = "f^^i, 

D_(0r + 3 ") = -p^ (1 ' 3) < 3 , 



2 



^2 



^-(0o +02") = - r ^ (0 ' 2) C 

8 

AT 



^-(02 + 03) = --^4,3, (30) 



leading to 



^77(0,1)^+ _ J_7T(1,3)=+ _ _Lt-(0,2)-+ _^ F (2,3)-+ /oi\ 
x •> c 0,l x c l,3 ~ \ •* c 0,2 \ c 2,3' \ OL ) 

A\ A2 A 2 A\ 



We propose as solution for the non-linear superposition formula 12 = 2 i = 03 



^ = 0o+r± + A ± , (32) 



5 



with 



r±(x,y) 

I 4- 

X 

6 



7i + 72 



2 arctan 

4- 

y 



5 tan 



7fc = 9- 



x + y 
4 

- 02 > 



± 2 arctan 



5 tan 



x-y 

4 



(33) 



7i - 72 ^fc 

Notice that the solution (fif when the fermionic superfields are neglected is derived in the 
appendix B to be 0f = <pQ + T±. The term A± comes from the contribution of the fermionic 
superfields and has the following form 



A ± = E A^/i,* + Af /o, 



and y 



j,k=i 

f h k = JF(°.%(°.fc), /„ = ^(0,1)^(0,2)^(0,1)^(0,2)^ 

where we have assumed the coefficients to be functionals of x = ( 
(01 - 02 )4-e., 

A± fc = A± fe (x, y), A± = A±(x, y). (34) 

Observe that there are no terms like Af J"^ 1 ) J"( - 2 ) nor A^t/*- ' 1 ^ 0,2 ) due to chiral equations 
([2]). A± are determined in appendix C where, 



A^ 2 

A + 

A^ 2 
A^i 

Ar7 



Aj 2 



cos [ — I Slit 



8/i_ 


fA 2 


9V+V- 


VAi 


8//_ 





Sill — 



32//_ 
(^+?7-) 2 

8/x_ 



sm 



sin 



cos 



(a + cos x — cos y) — 2ji + cos 



x 



A 



2.2 



5/i_ 



8//_ 
32/i_ 



9V+V- 

K2 
«2 



cos I - I sm I — 



sm 



sm 



sm - 



COS I — 



[a — cos x + cos y) — 2/x + cos ( — 



71 ± 72 

72 7i ' 



2 U 



~ 2 

7i 



(JL+ — 2 cos 



j +3, 
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3.1 Solution in Components 

In components the non-linear superposition formula ( |32|) yields the following expressions, 



+ f + - 4^- [At -B+ + -^Ct 

9V+V- V 9V+V- 



^0 +^1,2^1.2 + 



^0 + ^1,2^1,2 + 



9V+V- 
9V+V- 



4 



-C: 



v 2 *^2 ~ ~ ~ ^2 > 



9V+V- 



-C 



3 > 



where 



Fl,2 



fa 

4 + 



+ ^1,2^2 



4 + + Flrft,2 



\ Ao F>o ~ ~ Co ) ) 

9V+V- V " f^ 7 ?- / 



8//. 



AT - B; 



; 5 ^~- 3 y 



2 arctan 



5 tan 



^1,2 + Vi,a 



± 2 arctan 



5 tan 



- Vl,2 



/i + — 2 cos 



W2 ± Vi/ 



sec 



2 f ^1,2+^1,2 



sec 



l + 5 2 tan 2 



2 / Vl,2+Vl,2 



+ 



2 / ^1,2-^1 



1 + 5 2 tan 2 



2 / Vi,2-Vl,2 
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At = cos {^fj sin (^fj (Ct m ^ m + tfW&W) , 

_ E+ ^ + (o,) ?2+ (o,i) + Ci+ (o, 2 ) ?2+( o, 2 )^_ 2) 
At = - cos -n (^) (. 2 +(0 ' 1) ^ (0 ' 1) + q ^ 2 kP°' 2) ) 

Bt = sin ^ C +(o.i) e2+ (o,2) + £ c +<o, 2 )£(o^ 

B+ = -sin^^^C^ '^ '^^^ ^^ '^ 

-Q+ ( -L /-+(o,i)£+(o,2) Ai +( , 2 )^+(o,i) > \ j- 
V^i ^ 2 

c t - 



Vl,2> 



t+(0,l)_+(0,2)\ 
S 2 P 2 j 



+ (0,2) +(0,1)\ 



?2 
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= cos sin {^fj + tf^tt™) , 

-E- (^)^ + Cl +( n 2 +( °' 2) ) 
A3 = cos sin 

fix" = sin ^ C +(o.i) &+ (o, 2 ) + ^ Ci+ (o,2) C2+( o,^ 

sr = -sin^)^^^ 

\Ki K 2 J 

= sin (^fj (^Ci +(0 ' 1) ^ +( °' 2) + ^Cr (0 ' 2) ^ +( °' 1) ) 

\/Cl «2 / 

c - = ^ ^ A - C +(0A) Ci+ ^)^(0,l)^(0,2) j 

C 2 - = - sin ^ A"^^ (Ci +( * - <°' , 

C 3 " = - sin A"^ ' V ( °' 2) (£<°' W 0>1) - ^W^) , 
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A + 



cos — - iV 



— sin 



1 . /Vl,2\ - /VfoA 

--am i^—j sm^— j, 

— sin — ; — H sm — ■ — 

V+ \ 2 fj. \ 2 



cos 



fa + COS C/9^ 2 — cos ^1,2) — 2/1+ COS 



E" 
A~ 



cos It" J n "2 s111 It" sm T" 



— sm 



1 - (¥l,2 + <Pl,2 

— sm — ■ — 



cos 



¥>1,2 



.,+ 



1 . / Vl,2 - Vl,2 

— — sm — : — 

v- V 2 , 



^ j (a — cos <y9^ 2 + cos y 1>2 ) — 2/i + cos 



Vl,2 



and denoted 



fl,2 = <Pl- ^2i 



From the Backlund eqns. we get (see app. A) 



+(o,fc) _ K fc Q -tp k ) 



COS 



^ +(o,fc) . / 



I 2 



Q2 



(0,fc) 



K ^ in ( ^0 ~ ^fc 



^1,2 = V»l - V»: 



2 • 



6 



+(0,fc) _ 1 Oo + 



COS 



«fc V 2 / 

~ +(o,fe) 2o . (ipt-<pt 
zPl A Sm \ 2 



4 1-Soliton Solution 

Setting 0q = in the Backlund eqns. (fT4|) -( l2T|) we find in components, 



+(0,1) 



5-6 



( 'Pi \ rPi \ ^+(0,1) 

71 cos ^— Jcos^— jCi , 
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= 2 7l sin I — I cos I — I . 
Integrating the above eqns. we get the 1-soliton solution, 

* = ^ C0S (f) Cl+M ' ^ = - A "=° s (t) &+(0 ' 1 '- 

a- = Kl co S (fW<">, #=-i cosher 1 '. 



i/?^ = 2 arctan(aipi) ± 2 arctan(6 1 p 1 ] 

iX: 
Pi 



, + (0,1) _ £+(0,1) _ 
<■>! — ?2 — e lXl, 



l + a?p?)(l + 6?p?) 



where a\ and &i are arbitrary constants, t\ is a grassmann parameter and 



f g2 - 
px = exp I 71Z - 



The 1-soliton solution constructed in this section can be obtained from those of [7] by relat 
parameters since they both involve a single grassmann parameter. 



5 2-Soliton Solution 



For the 2-soliton case we obtain from the superposition formulae ([32 



^3 



-(i) 



(i) 



-(2) 



+ (0) . +(1) 

+V3 £ l e 2, 



2 arctan 



sm 



#77+?7- 



5 tan ^ 
2 

(2) 



^2 + fl,2 



X 2 Ai 



+ 2 arctan 



5 tan 



¥>i,2 - ^1,2 



ei^s (1) + e 2^ 3 



16 n_ 



sm 



Vl,2 



Ki7i 77+77. 



Xi 



72 sm 



<f°2 



X'2 



71 sm 
11 



^2_ 

2 



^1 



71 cos 



^1~2 



sm 



- 72 cos 



<Pl3 



sm 



f2_ 
2 



ei^" (1) + ^ 3 ~ (2) , 

«iFi >2 cos ( -y ) Xi 



2Ki (JL- 

72 V+V- 



sm 



Vl,2 



Xi 



• / V?2 
7i sm - 



- 72 cos 



w 2 



sm 



( (p 2 \ 
-k 2 F 1j2 COS I — I X2 

H z z sm 



7i V+V- 



X2 



■ / <Pi 
72 sm I — 



— 7i cos 



w 2 



sm 



f2_ 

2 



^3 +^3 e l e 2> 



2 arctan 
9V+V- 



5 tan 



^1,2 + Vl,2 



4 



— 2 arctan 



5 tan 



y?i,2 - y?i,2 



sm 



w 2 



«2 «1 

) XlX2, 

Kl «2/ 



6^3 +(1) + ^3 +(2) , 

-AiF 1)2 cos ^ xi 

2Al //_ . /VM 

— sm ^— Xi 



7i 



^2 



A 2 i ? i,2 cos ^— J X2 

2A 2 //- . /Vi^A 
— — sm — '- X2 



72 V+V- 



72 sm I — 



7i sin 



rPi,2\ . <pT 

Ticos — sm — 



/^l,2\ . (<P2 

72 cos — sm - 



ei ^ (1) + ^3 +(2) , 

-^ 2 cos(4)xi 

sm -7T Xl 



A172 V+V- 



¥2 



A 2 7i ?7+77- 



71 sm 



^2 



-F li2 cos^-j X 2 

16 fi- . ( <fil,2\ 

■ sm — }X2 



72 sm I — 



72 cos I — sm — 



/Vl,2\ . />2 

7l cos I— sm — 
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where 



<£>k = 2 arctan(afcPfc) ± 2 arctan(6fcp/ c ), 
Pk 



Xk 



k = 1,2, a*; and 6^ are arbitrary constants, is a grassmann constant and 

p k = exp 7 fc z z . 

V 7fc / 

Notice that the 2-soliton solution constructed in this section generalizes those constructed in 
ref. [7]) involving a single grassmann parameter. 

Both 1- and 2-soliton solutions presented above were verified to satisfy the equations of 
motion. 
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Appendix A 



In order to simplify notation let us introduce = tpi ± ip±~^ = (p± ± ip% and similar 
notation for the other fields. 

In components eqn. (jSJ) becomes 

qt = -f sin ( ^) , d- z Ct = -f cos f 4^ ^ +) , W = f cos ( ^\ 



2 / ' 8 V 2 



= f cos (?pj + ff sin (?pj 



D + g = -3a S in [£±£ 



ftt = f sin , ^+ = * cos ^ +) , d z ii = -f cos f 4^ ^ (+) 

SApf = -* cos (4r) - £ ^n 
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Similarly we find for (JSJ), 
. D_g = M sin f£z£) 



& = f sin (4r) , fcCf = f cos 0.C 2 _ = -f cos 1>-\ 

dAq^ = -f cos (^-) F M - £ sin ( ^) 



sin 



"1 ^2 



4 " I 2 

ft = "¥ sin . fl^i" = -f cos (4^) ^ = ¥ cos (4h) &\ 

= f cos (4^) + & sin ^-^W- 
From ([3]) and gD, 

• = - | JT cos 



2 



^ = -!Ci + cos (4^) , F< + > = -I g+ cos (4^ 
d z ^ = -i sin (4^) CM +) - ld z qt cos (4^) • 

• = -D + <P+ + ^cos f^^) , 

ft- > = cos (4^) , 4 +) = «ft + cos (4^ 



^ +) = f sin (V) & M + Kd s pt cos 
From © and (JU), 



= -D_02 + A£? cos 



2 



^_+) = ACf cos » ^- _) = cos 



2 / ' 



d 2 <^ = f sin ( + Ad z gr cos 



• D_0~ = -D_02 - f^cos ( 

= -fe 2 - cos (4^) , FjT ) = -f ft cos (4^) , 
d-^ = -f sin f 4^) - fStfT cos ( 4^ 
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Appendix B 

Applying the permutability theorem to eqns. ( 1221) and ( |2~^1) after neglecting the contribution 
proportional to fermionic superfields, we obtain the following relations 



7lS ,l C 0,l + TaSj^g 



72% 2 4 2 + 71% 3 4 3 - 



Summing and subtracting the above eqns., we find 

7l ( s (tl C 0,l ^ S 0,l C ctl) ~~ ( S 2^3 C 2,3 ^ S 2,3 C 2t3) 
+72 ( S 1^3 C 1,3 ^ S l,3 C t3) — ( S 0^2 C 0,2 ^ s 0,2 c (t 

Using the identity 

sin a cos 6 ± sin b cos a = sin (a ± 6) , 
and eqns. ( |26l) and ( 1271) we can rewrite ( l35i) as 



0. 



71 jsm 

72 | sin 
Using the fact that 



+ 



2 

if + 03 + 



± 
± 



7 o 



+ 



2 

>r + 03 



sin 



sin 



'00+02 



sin a — sin b = 2 cos 



a + 6 N 



'a — £» N 



± 
± 



02 + 03 

2 

'00 + 02 



(35) 



(36) 



0. 



sin 



yields 



2 cos (y+ ± y-) { 7 i sin [pr+ ± x- 2 ) - (x+ ± x 3 ; ) 

+ 72 sin [(X+ ± x^) + (X 3 + ± x 3 ; )] } = 



where we have denoted 



Y ± 



% + (f>t + 2 ± + 0f 



n-n 



from where it follows that 



( 7 i + 72) sin (X+ 2 ± X- 2 ) cos (X 3 + ± X~ ) = 
(71 - 72) sin (X 3 + ± X 3 - ) cos (x+ 2 ± X x ; 2 ) , 
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or, 



tan 



7i + 72 
v 7i - 72, 



tan (x+ ± 1^) , 



and therefore 



^- 0O+ W^^= arctan 



5 tan (Xj 2 ± X x ~ 



V 4 / V 4 
where J = (^z^)- Adding and subtracting the above expressions we obtain 

03 



" - % - I':, 



with 



r± = 2 arctan 5 tan ( X^" 2 + X 1 



± 2 arctan 



5 tan (x£ 2 - X£ 



Appendix C 

Relations f l2"§j) and fT5Tj) can be written in matrix form, 



jr(i,3) \ 1 ( A -B \ ( T^) 
j-(2,3) ~ z { C -D [ JF(°' 2 ) 



where 



A = «;2A 2 (cJ 1 C 2! 3 + C 2 ^3C 0!l ), 

5 = k 2 Aic^ 2 c 2j3 + KiA 2 c^ 3 c 0j2 , 

C = K2AlC^ 3 C 01 + KiA2^iC 13 , 
Z = K2AiC^ 3 C 2j3 — Ki\ 2 C2 3 C l3 . 

Introduce eqn. (1521 into expressions fl38|) . Consider now the following expansions 



"fc,3 



-fc,3 



A 2 _\ 










s A;,r_ > 


An 






8 J 


2 


SkT + , 



where we have denoted 

Cfc,r_ 

Sk,T_ 



cos 



sm 



Cfc,r+ = cos 
s fci r + = sin 



0fe 


+ 


00 








2 




0fc 


+ 


00 








2 








0o" 








2 




0£ 


— 


0o + 








2 





c k,0 a + s k,oP-i 
S k,0 a + + c k,()P-i 
4,0°- + 4, P+ 
^fc.Q "- — C fc,QP+) 
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and 

1 ± 

°± = j 



P± = 

Next, we expand the expressio 



tf2 t an(:E±a)taii(^) 



5 


tan 




± tan 






/l + 5 2 tan 2 (^) 



A = A +j2 A jtk fj, k + 0{f Q ), 
j,k=i 

A = K 2 \ 2 (^ 1 C2,r- +Co A c 2 , r+ ), 

2 

B = B + B j,kfj,k + O(f ), 

j,k=l 

Bj,k = 2 (^2^2*2,1+ A+ fe - « 2 AicJ; 2 S2,r_A~ fe ), 

2 

C = C + Y Cj,kfj,k + @(fo), 
j,k=i 

C = k 1 X 2 c^ 1 c 1: t_ + ^Aic^r+Cg!, 
Cj,* = ^(«2AiCo; 1 si ) r + At fc -« 1 A2^; 1 si ) r_AT fc ), 

^ = A>+ £ Dj,kf jt k + O(f ), 
j,k=i 

D = «iAi(c ( }; 2 Ci i r_ + Cq i2 c 1jT+ ), 

D 3,k = ~KM C 0,2Sl,T + h+ k -4,2 S l,T-hj,k), 



2 

Z = Z + ^2 Zj,kfj,k + O(fo), 
j,k=i 

Z = /t2AiCi ir+ c 2 ,r_ - /tiA 2 ci ir _C2,r + , 
z i,k = ^(« 2 Aic 2) r_si,r + - «iA 2 ci,r_S2,r + )A+ fc 

- ^2AiS 2 ,r_c lir+ - KiA 2 Si ; r_c 2) r + )A- fc , 
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where O(f ) denotes terms proportional to f . It then follows 
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X 


~z 


Z _ 


Wild" -/V — ^ /l , LJ , KJ , J_J r . 

Stii rwHfnfiri cf (M/h wp 

JUUOlll U. Ijlllci UU 1 U . VV C 


r\ Q I Tl 


jrd,3) = 


Z 


jr(2,3) = 


9l 7T(0,1) 


where 





2 

E 



0(/o), 



Bo 

Z 
Do 

Zo 



12,2, 



n (1) 



4 1} 



M (2) 



CJ 2 





M 2 ,i 


Z 2 ,x 




V A 


Zo 




M2,2 


Z2.2 




V A 


Zo 




fC 2 ,i 


Z 2> \ 




^Co 


Zo 




( ^2,2 


Z22 




I Co 


Zo 



Bo 


(B 1A 




Zo 


\ Bo 


Zo 


Bo 


(B h2 


Z\.2 


Zo 
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Zo 


Do 
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Zo 
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(Dl,2 


Z\,2 


Zo 


V Do 
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From eqns. (1281 . we get 



D, 
D, 



-4) 



_r(o,i) c - + lj(i,3) - 

c 0,l 1^ c l,3> 
«1 «2 



A7T(0,l) r - _ _1 77(0,2) - 
c 0,l c 0. 
«4 K 2 



'1 V2 ) ~ 

Introducing solution (|32|) in the first eqn. above, we find 



2- 



D + (T + + A + ) = 

a x r +J D + (0+- ( /)+) + J D + A + 

c o 

tt(1,3) - 
•> c l,3- 



Ki K 2 



(39) 
(40) 



Using eqn. (1591 in the above expression, and taking into account that J 7 ^ ' 1 ^, J 7 '- ' 2 -', J 7 ^ ' 1 ^ f 2i i 
and -F^ ' 1 ^ f2, 2 are independent, we arrive at the following conditions, 



c o,i mr *\ c i,r_ ^0 ff g o,2 , + 

l^i + - ij — + - — a-l 2 + - — 

K\ k 2 Z Ak 2 Aki 

c o,2 o r c i,r_ Bo 9 s o,x A + 5 ,s o,2 

C 0,2 



^2 ^0 
c 0,l 



4«i 



4k> 



A+ 

iv 2,2 



0. 



(41) 



K 2 Ki ' AK 2 

^A+ 2 + ^A+ 2 - fM Ao+ 

K 2 K\ AKi 



9So,2 Kt _c_ ll _a ) + s l , T 



K 2 
£l£_ 
«2 
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An 



=^A^ + ^A^ 



2k 2 V^o 



An 



-A 



Zo 
Bo 



2,2 



J 



0. 
0. 



Moreover, the chirality condition on (|32|) gives 

£-(#-#) = -D-(r+ + A + ) = o J 

from where we obtain the following eqns. 



0,2 



Lfi A+ a- ^hlf) A+ 4- J " u ' z A+ - n 

^ t/ »-' v l,l + ^ t V v 2,l + ^ iv — u i 



#%2 



A 2 M 



-0,1 



tf A » = 

The two sets of eqns. namely, (1411) and (j4"2|) give the following solutions, 
A+ x = 



A^ 2 



A + 



L 2,2 " 

/ A 2 



8/X- /a;\ . (V 
cos — sin — , . 

gr] +V _ \2J \2j' 



■ y 

, , sin - , . 

— - (-, . 



where 



32u_ . /x 
7 vj sm — 



cos 



(a + cos x — cos y) — 2fi + cos f ^ 



71 ± 72 

72 7i' 

2 \72 7i/ 



/i + — 2 cos 



In order to determine the coefficients A we make use of 

DJ6--6-) = 



JL 77(0,1)^ _ _!f_7r(i>3)p+ 
\ c 0,l \ *^ c i 

Ai A 2 



3' 



-•F (0 ' 1) qt 1 + f ^ 



(0,2)^+ 



-0,2i 



Ai ' A 2 

which are obtained from (|30|) . Introducing (|32|) in the first of these eqns. we find 

D-fa-fc) = 5-(T- + a_) = 

= d y r_D_(0r-02) + £>-A_ = 

c 0,l \ •> c l,3- 
At 



Ai 



(42) 



(43) 
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Using eqn. (1391) in the above expression and taking into account that J^ 0,1 ), J 7 ^, J c( -°' 1) f 2 i 
and J c ^°' 1 'f2,2 are independent, we arrive at the following expressions, 



Ai ^ y ^ A2 Zq 4Ai 



ci,r+ Aq gs^x 



Al ' 1 + 4A, Al 



ci, r+ g4. 



1 A - 



A2 A2 Zq 4Ai ' 4A2 



A 2 ,i 



94,2 



A 



2,2 



0, 



«^ A - , c o,i« a- , f s o,2 A _ c i,r+ (l) g i,r + 

a7 + aT^ 2a + 4A7 " ~ ^a7 



C 0,2 OA- , C 0,l OA- ^ S 0,l A - 



A 2 



-UJ 



2A 2 



An 



5, 



A + 4- — A + 

rr LV 2,\ + V ^1,1 

^0 ^0 



Ci,r+ (1) Si,r+ / A 



£0 



^2 + 



0, 
0. 



(44) 



The chiral condition 



D + (r_ + A_; 



leads us to 



r + 

X — ' A 



# S 0,1 A - , ff^O^ A - 

A l,l + a . A l,2 



4re 2 



C 0,2 o T-> # S 0,1 A - ^^O. 2 A 

— —oA _ L A, 1 —A 

k 2 4/ci 2,1 4k 2 



0. 

2,2 — 0' 



C 0,2 OA- 1 C 0,l o a — , 9 S 0,2 a - 
-^Ai a + — ^A, j + — — A Q 

4k 2 



«2 



«1 
-0,1 



C 0,2 OA- 1 C 0,l Q \ - 

— ! -d x A 1 2 H -<9 2 A 2 2 

«2 ' «i 



ggp,i 



a; 



0. 
0. 



Solving (jSJ) and (SSI) for A - , we find 



A n - 



A 



8/i. 



2.2 



8/i_ 



K 2 



«i 



cos [ — I sin I — 



sin 



8/i_ 



grj+V- \ K 2 



sin 



sin - 



(^+7]_) 2 

where a and are given in (T43 



:r 



cos — I (a — cos x + cos y) — 2// + cos - 



(45) 
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